This paper presents a methodology for the optimal location of distributed generation (DG) in power systems using the Weighted Transmission Loading Relief (WTLR) nodal indexes. These indexes are used to guide a GRASP metaheuristic in charge of the optimal allocation of different DG units in a transmission network. The objective consists on minimizing the most negative WTLR indexes, which results in an increase of the system security. Several tests are presented in a representative prototype of the Colombian power system, evidencing the effectiveness of the proposed methodology. Results show that a proper allocation of DG units minimizes system overloads both in normal operation and under contingencies.
Nomenclature
The nomenclature used throughout the document is listed here for quick reference. Variables: : Number of overloads in normal operation and under contingency. : Sum of system overloads in normal operation and under contingency [MW] .
: Overload of line in normal condition [MW] .
, : Overload of line under contingency c [MW] . : Power flow in line connected between nodes , in normal operation [MW] .
, : Power flow in line connected between nodes , under contingency [MW] .
: Injection shift factor of line with respect to bus in normal operation.
, : Injection shift factor of line with respect to bus under contingency c. , : Load outage distribution factor of line for contingency . : Distributed generation in bus [MW] . : Centralized generation in bus [MW] . : Binary variable indicating the allocation of a DG unit in bus . ̅̅̅̅ : Maximum distributed generation capacity in bus [MW] . ̅̅̅̅ : Maximum centralized generation capacity in bus [MW] .
: Voltage angle in bus [rad] . ̅ : Maximum voltage angle in bus [rad].
Introduction
Distributed generation can be understood as the production of electricity by smallscale generation technologies in the distribution network or near the end user. There are many studies regarding the impacts of DG in both distribution and transmission systems. In [1] the authors propose an analytical method for optimally installing multiple DG technologies to minimize power losses in distribution systems. Different DG types are considered and their power factors are also taken into account. Other analytical methods for the optimal allocation of DG are also presented in [2] and [3] . The main advantage of analytical methods lies in fact that, along with classic mathematical techniques, the optimality of the solutions found is guaranteed. However, they usually resort to simplifications and linearization regarding the modelling of the network which makes their solutions less close to reality than other methods such as metaheuristic techniques. These techniques are better suited to deal with nonlinear and nonconvex optimization problems such as the optimal allocation of DG. Several metaheuristic techniques have been explored in this regard. In [4] the authors present a hybrid method based on optimal reactive power control and genetic algorithms to optimally allocate photovoltaic DG in a distribution system. In [5] the authors use an artificial bee colony algorithm for the optimal allocation of DG seeking power loss minimization; a similar methodology is presented in [6] using particle swarm optimization. Other metaheuristic techniques such as firefly algorithm [7] and tabu search [8] have also been applied to the optimal location of DG. The technical literature referring to DG studies is very extensive. A review on the impacts of DG and the methods for its correct location and sizing can be consulted in [9] and [10] .
The location and sizing of DG can be seen from the point of view of the distribution or transmission network. When it is analyzed from the point of view of the transmission network, DG can be modeled as a net reduction of the demand in a given node [11] . In this paper, the objective of introducing DG in the power system is to improve its security. The latter is expressed in terms of the Weighted Transmission Load Relief (WTLR) nodal indexes. These indexes were initially proposed in [12] and can be used to verify if the installation of new DG units contributes to improve the security of the system. The WTLR indexes indicate the approximate change in the total overload of the system (in normal conditions and under contingency) that would be obtained with an additional injection of 1 MW in a particular bus. Such indexes can take negative or positive values. The receiving ends of overloaded elements have negative WTLR indexes, indicating that injecting power in these nodes produces counter flows that relieve the overload. The emitting ends of overloaded elements have positive indexes, indicating that injecting power in these nodes would worsen the overload. To reduce overloads in normal and under contingency conditions, key nodes can be selected to install DG in such a way that the magnitude of the WTLR indices is reduced; if the magnitude of these indices tends to zero, it means that there are no overloads in normal operation or under contingencies. In order to properly allocate DG, a GRASP (Greedy Randomized Adaptive Search Procedure) metaheuristic was implemented. To test the effectiveness of the proposed methodology, a 93-bus prototype of the Colombian power system is used. Results show that the strategic allocation of DG units contributes significantly to the reduction of the WTLR indexes, indicating that the reliability of the system is improved.
Mathematical Model
The WTLR indexes quantify the level of overloads for normal conditions and under single contingencies (N-1 criterion). The magnitude of the index is proportional to the overloads. The objective function, given by (1) consists on minimizing the absolute value of the WTLR indexes. If these indexes tend to zero, it means that there are not overloads, neither in the base case, nor under any single contingency. The proposed optimization problem is given by (1)-(17).
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Subject to:
The objective function given by (1) is subject to a set of constraints. Equation (2) defines the WTLR indexes. Equations (3) and (4) describe the conditions for determining the overloads under normal operation, while (5) and (6) describe the conditions for determining the overloads under single contingencies. In this case, overloads of up to 120% of the maximum capacity limit are allowed. Equation (7) allows the calculation of the post-contingency power flows of each line for each contingency through the LODF. Equation (8) represents the ISF of each line with respect to each node for each contingency. Equation (9) is used compute the total system overload. Equation (10) is the nodal balance constraint. Equation (11) determines the maximum allowable participation of DG. Equation (12) represents the DC linearization of power flows. Equations (13) and (14) (17) indicates the reference angle. The mathematical model described by (1)- (17) is approached using a metaheuristic technique. In this case, due to its ease of implementation and effectiveness to deal with non-convex problems a GRASP metaheuristic was developed.
Implemented GASP metaheuristic
The implemented GRASP metaheuristic is composed of three phases (preprocessing, constructive phase and local search), which are explained below.
Preprocessing:
In this stage, the WTLR indexes are calculated. With this information, the network buses are classified in order of criticality. Additionally, they are filtered by minimum demand, bar type and nodal index sign. This is done taking into account the following criteria: 1) DG units can only be located in buses with a minimum demand of 5MW; 2) only load buses are allowed to receive DG and 3) only nodes with negative WTLR indexes are considered as candidates for DG. This is because if a given bus has a negative index it means that a power injection in that node would alleviate post-contingency overloads.
Constructive phase: in this phase, a Reduced List of Candidates (RLC) is
defined as a percentage of the buses suitable for DG implementation. These buses are randomly selected from those filtered in the preprocessing stage. A proposed solution (DG implementation plan) is then built with this list. A candidate solution is coded as a vector containing the indexes of buses where to allocate DG. The first element of the candidate solution is the bus with the lowest WTLR index, the rest of the elements are randomly selected from the RLC, until a specified limit of DG participation is reached. Once the DG assignment is completed, the objective function, given by (1) is evaluated.
Local search:
Based on the solution found in the previous stage, a local search for better solutions is performed. The local search consists of changing the worst nodal index of the current solution for the best non-selected index of the RLC. Once this is done, the objective function is evaluated and it is checked if the new solution is better than the previous one; if the solution is better, it is saved; otherwise, it is discarded. The solution resulting from this stage is stored in a list of elite solutions.
Tests and Results
A 93-bus prototype of the Colombian power system was used to validate the proposed methodology. This system has 115 lines, 44 load buses and 48 generation buses. The data of this system can be consulted in [13] . A schematic of the system is presented in Figure 1 . From the point of view of the transmission system, DG can be seen as a reduction in the net demand of a particular bus. For simplicity, the variability of some DG technologies based on renewable resources is not considered. On the other hand, several DG units located downstream of a sub-transmission or distribution network can be added up and viewed as a single equivalent generator. In this case, a total participation of DG of 100, 200 and 300 MW was considered. Furthermore, 5, 10 and 15 equivalent generators were assumed for each test. For example, when considering 300MW of DG, 5 equivalent generators of 60MW, 10 equivalent generators of 30MW and 15 equivalent generators of 20MW were assumed. The same was done for 200MW and 100MW of DG participation. Figure 2 shows the WTLR indexes for 100MW, 200MW and 300MW of DG participation considering 5 equivalent DG units. It can be seen that as the participation of DG increases, the WTLR nodal indexes move towards zero in most of the buses. However, for bus 55, there are no improvements in the indexes with greater participation of DG. On the other hand, in the reference bus (bus 19) the WTLR index remains zero. it can be observed that as the number of DG units increases, the WTLR indexes decrease. This trend occurs for different levels of participation of DG as reported in Table 1 . A summary of results is presented in Table 2 . It can be seen that the algorithm always allocated DG in buses 15, 23 and 42. In Figure 1 these buses are marked in purple to differentiate them from other buses; additionally, the candidate buses to locate DG are marked in green, and bus 55 is marked in red. The latter was the only bus in which there were no improvements of the WTLR indexes. 
Case 1: Results considering 5 equivalent DG units

Conclusions
This paper presented a methodology for the optimal location of DG in power systems by means of a GRASP metaheuristic. The WTLR nodal indexes were used to guide the search. The tests carried out in a 93-bus prototype of the Colombian power system showed the applicability and effectiveness of the proposed approach. It was found that the optimal allocation of DG resulted in an important decrease of the WTLR nodal indexes. This indicates that overloads in normal operation and under contingencies are reduced due to the presence of DG. It was also observed that as the participation of DG was distributed in a greater number of buses, the decrease of the WTLR nodal indexes was greater. It is worth mentioning that the DG does not always have a positive impact in the network, in preliminary tests it was verified that the inappropriate location and sizing of the DG worsens the operating conditions in both normal and under contingencies. The latter highlights the usefulness of specialized methodologies for the correct location of the DG as the one described in this paper. In a future work, the impact of the variability of the GD on the security of the system will be studied and other optimization techniques will be implemented to compare its performance.
